The purpose of this research is to study a finite family of the set of solutions of variational inequality problems and to prove a convergence theorem for the set of such problems and the sets of fixed points of nonexpansive and strictly pseudo-contractive mappings in a uniformly convex and 2-uniformly smooth Banach space. We also prove a fixed point theorem for finite families of nonexpansive and strictly pseudo-contractive mappings in the last section.
Introduction
Let E and E * be a Banach space and the dual space of E, respectively, and let C be a nonempty closed convex subset of E. Throughout this paper, we use '→' and ' ' to denote strong and weak convergence, respectively. The duality mapping J : E →  E * is defined by J(x) = {x * ∈ E * : x, x * = x  , x = x * } for all x ∈ E. Definition . Let E be a Banach space. Then a function δ X : [, ] → [, ] is said to be the modulus of convexity of E if
If δ E ( ) >  for all ∈ (, ], then E is uniformly convex. The function ρ E : R + → R + is said to be the modulus of smoothness of E if ρ E (t) = sup x + y + x -y  - : x = , y = t , t ≥ .
If lim t→ ρ E (t) t = , then E is uniformly smooth. It is well known that every uniformly smooth Banach space is smooth and if E is smooth, then J is single-valued which is denoted by j. A Banach space E is said to be q-uniformly smooth if there exists a fixed constant c >  such that ρ E (t) ≤ ct q . If E is q-uniformly smooth, then q ≤  and E is uniformly smooth.
©2014 Kangtunyakarn; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.fixedpointtheoryandapplications.com/content/2014/1/108 Theorem . Let E be a uniformly convex and -uniformly smooth Banach space, and let C be a nonempty closed convex subset of E. Let Q C be a sunny nonexpansive retraction from E onto C, let α > , and let A be an α-inverse strongly accretive operator of C into E with S(C, A) = ∅. Suppose x  = x ∈ C and {x n } is given by x n+ = α n x n + ( -α n )Q C (x n -λ n Ax n )
for every n = , , . . . , where {λ n } is a sequence of positive real numbers and {α n } is a sequence in [, ] . If {λ n } and {α n } are chosen so that λ n ∈ [a, The variational inequality problem is an important tool for studying fixed point theory, equilibrium problems, optimization problems and partial differential equations with applications principally drawn from mechanics; see, e.g., [, ] .
Recently, Kangtunyakarn [] introduced a new mapping in uniformly convex and -smooth Banach spaces to prove a strong convergence theorem for finding a common element of the set of fixed points of finite families of nonexpansive and strictly pseudocontractive mappings and two sets of solutions of variational inequality problems as follows. 
A be the S A -mapping generated by S  , S  , . . . , S N , T  , T  , . . . , T N and α  , α  , . . . , α N . Let {x n } be the sequence generated by x  , u ∈ C and
where {α n }, {β n }, {γ n }, {δ n }, {η n } ∈ [, ] and α n + β n + γ n + δ n + η n =  and satisfy the following conditions: For every i = , , . . . , N , let A i : C → H be a mapping. From (.), we introduce the combination of variational inequality problems in Banach spaces as follows: to find a point
for all x ∈ C and a i is a positive real number for all i = , , . . . , N with N i= a i = . The set of solutions of (.) in Banach spaces is denoted by S(C,
By using (.) we prove the convergence theorem for a finite family of the set of solutions of variational inequality problems and two sets of fixed points of nonlinear mappings in a Banach space.
Preliminaries
The following lemmas are important tools to prove our main results in the next section. 
Lemma . (See []) Let r > . If E is uniformly convex, then there exists a continuous, strictly increasing and convex function g
: [, ∞) → [, ∞), g() =  such that for all x, y ∈ B r () = {x ∈ E : x ≤ r} and for any α ∈ [, ], we have αx + ( -α)y  ≤ α x  + ( - α) y  -α( -α)g( x -y ). http://www.fixedpointtheoryandapplications.com/content/2014/1/108
Lemma . (See []) Let C be a closed and convex subset of a real uniformly smooth Banach space E, and let T : C → C be a nonexpansive mapping with a nonempty fixed point F(T). If {x n } ⊂ C is a bounded sequence such that lim n→∞ x n -Tx n = , then there exists a unique sunny nonexpansive retraction Q F(T) : C → F(T) such that
lim sup n→∞ u -Q F(T) u, J(x n -Q F(T) u) ≤  for any given u ∈ C. Lemma . (See []) Let {s n } be a sequence of nonnegative real numbers satisfying s n+ ≤ ( -α n )s n + δ n , ∀n ≥ , where {α n } is a sequence in (, ) and {δ n } is a sequence such that () ∞ n= α n = ∞, () lim sup n→∞ δ n α n ≤  or ∞ n= |δ n | < ∞. Then lim n→∞ s n = .
Lemma . [] Let C be a closed convex subset of a strictly convex Banach space E. Let T  , T  and T  be three nonexpansive mappings from C into itself with F(T  )∩F(T  )∩F(T  ) = ∅. Define a mapping S by
where α, β, γ is a constant in (, ) and α + β + γ = . Then S is a nonexpansive mapping and Proof It is easy to see that
From (.) and (.), we have 
Main results

Theorem . Let C be a nonempty closed convex subset of a uniformly convex and -uniformly smooth Banach space E. Let Q C be a sunny nonexpansive retraction from E onto C. For every i
where a i ∈ [, ] for all i = , , . . . , N and {α n }, {β n }, {γ n } ⊆ [, ] with α n + β n + γ n =  for all n ∈ N satisfy the following conditions:
is a nonexpansive mapping. From (.), we have
Since S is a strictly pseudo-contractive mapping, we have
From (.) and (.), we have
From induction we can conclude that {x n } is bounded and so are {y n }, {z n }. Next, we show that lim n→∞ x n+ -x n = . For every n ∈ N, we have From the definition of y n , we have
From the definition of z n , we have
Since S is an η-strictly pseudo-contractive mapping, we have
From (.), (.) and (.), we have
From (.) and (.), we have Next, we show that
From the definition of x n , we have
It implies that
From (.), conditions (i) and (ii), we have 
From (.) and (.), we have Define the mapping G :
where Wx = cx + ( -c)Sx for all x ∈ C and α, β, γ , c ∈ [, ] with α + β + γ = . We show that W is a nonexpansive mapping. Let x, y ∈ C, we have
Then W is a nonexpansive mapping. It is easy to see that the mapping G is nonexpansive.
From the definition of W , we have
From (.) Lemmas ., . and the definition of G, we have
and (.), (.) and (.), we have
Finally, we show that the sequence {x n } converges strongly to z  = Q F u. From the definition of x n , we have
From Lemma . and condition (i), we can conclude that the sequence {x n } converges strongly to z  = Q F u. This completes the proof.
The following corollary is a direct sequel of Theorem .. Therefore, we omit the proof. 
where {α n }, {β n }, {γ n } ⊆ [, ] with α n + β n + γ n =  for all n ∈ N satisfy the following conditions:
Then {x n } converges strongly to z  = Q F u, where Q F is the sunny nonexpansive retraction of C onto F .
Applications
Using the concepts of the S A -mapping and Theorem ., we prove the strong convergence theorem for the set of fixed points of two finite families of nonlinear mappings. We need the following definition and lemma to prove our result. Proof From Lemma . and Theorem ., we can reach the desired conclusion.
This mapping is called the S
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